Abstract. We study coactions of Hopf algebras coming from compact quantum groups on the Cuntz algebra. These coactions are the natural generalization to the coalgebra setting of the canonical representation of the unitary matrix group U (d) as automorphisms of the Cuntz algebra O d .
Introduction
Model actions of finite-dimensional Hopf algebras on Cuntz algebra have been investigated in [2] and [7] . In these notes we take a first step in the study of model actions Γ of Hopf algebras coming from compact matrix quantum groups G on a Cuntz algebra and their fixed point algebras. We consider an analogue for coalgebras of the classical action of the unitary matrix group on a Cuntz algebra. The fixed point subalgebra of the Cuntz algebra under this natural coaction of the quantum U q (d) is considered. The case d = 2 was already found in [9] . We extend it to the general case of any d < ∞ and characterize the fixed point subalgebras of O d under the coaction of respectively U q (d) denoted by (O d ) Uq (d) . This algebra carries the canonical endomorphism σ Uq (d) 
Basic definitions
Let B ∞ be the infinite braid group. One of the usual models for B n is as follows. Fix on each of two parallel lines in 3-space, an "upper" and a "lower" one, n points labelled by the numbers 1, 2, . . . , n. We require that this labelling respect the natural ordering of our index set. A braid is obtained by connecting each of the upper points with a point of the lower line by a curve going only downward. Multiplication of two braids is defined by connecting the lower points of the first braid with the upper points of the second braid with matching labels. Similarly B ∞ can be realized by countably many points such that all but finitely many of them go straight downwards. Hence we see that we can realize B ∞ as an inductive limit of the groups B n , by the inclusion maps
where by the tensor we mean to add an extra label on the "upper" and "lower" line connected by a straight line and B n will be the subgroup of B ∞ generated by g 1 , . . . , g n . The shift σ : B n → B n+1 which sends g n → 1 ⊗ g n = σ(g n ), by the compatibility with the inclusion then extends to an endomorphism which we denote by the same letter σ : B ∞ → B ∞ .
Cuntz introduced his C * -algebra O d in [1] and showed that isometries S i , for i = 1, . . . , d satisfying
generate a unique C * -algebra O d . The *-algebra over the complex numbers with unit 1 generated by the S i with the above relations will be denoted by o O d , the algebraic part of O d . The linear span of the S i 's for i = 1, . . . , d will be denoted by H and it is the canonical Hilbert space. The scalar product on H is defined by S, S 1 = S * S . The linear subspace generated by S i1 · · · S ir will be denoted by H r , and the linear span of terms of the form 
Let G be a compact quantum group which we denote with the pair (A, ∆) where A is a C * -algebra and ∆ is the comultiplication as in [14] . Let R be the operator from the two-fold tensor product of H into itself. We say that R satisfies the Yang-Baxter equations if the following equation holds:
where the lower indices mean the position of R in the 3-tensor. We denote by c H,H = τ (R) the composition of R with the flip τ . Then c H,H ∈ (H 2 , H 2 ). It gives an element g 0 = c H,H of the braid group B ∞ and by using the shift σ, we can write any generator of B ∞ in terms of g 0 and σ as follows.
. . , n − 1 and similarly we define c H r ,H s for any r, s, by the equation
where τ H r ,H s (R) stands for a copy of R, after the flipping in the r, r + 1 position. The image of the operator θ(g 0 ) in terms of the generators of O d have the following form:
where we then identify S i1 ⊗S i2 with S i1 S i2 and p stands for the unique permutation of (1, 2) associated to the element g 0 ∈ B ∞ which in turn implies g 0 ∈ B n , for some n.
In general given g ∈ B n , the map g → p(g) induces a surjective morphism of groups from the braid group B n onto the symmetric group S(n), hence the form of the operator θ for any g ∈ B n will be:
where we denote by c
the matrix elements of the operator c H n ,H n as defined before.
Coactions of compact quantum groups on Cuntz algebras
Let (A, ∆) be a compact quantum group. Let u ∈ M n ⊗ A be a unitary corepresentation of A. This means that u is unitary and that (i ⊗ ∆)u = u 12 u 13 . We write u = e ij ⊗ u ij . Then u unitary means
Thus ∆(u ij ) = p u ip ⊗u pj . Observe that the classical compact group U (d) acts on the Cuntz algebra O d as an automorphism group. When dealing with coalgebras in the quantum group setting, the following coaction is the natural choice. Consider the elements
Thus there exists a * -homomorphism Γ :
Let B be a C * -algebra and π be a * -homomorphism from B to B ⊗ A. We say that π is a coaction of a compact quantum group
where ∆ is the comultiplication. This is equivalent to saying that the following diagram commutes:
Then, the * -homomorphism Γ defined before is a coaction. In fact we have
We have the following result [9] .
Theorem 2. For a given unitary corepresentation
We now want to describe the fixed point subalgebra under this coaction Γ. It is an analogue to the fixed point subalgebra for the U (d) group action in O d .
Definition 3.
Let B be a C * -algebra and let π be a coaction of G on B. We define the fixed point subalgebra B π of B by π as
where {e ij } 
for every k a positive integer. Therefore φ can be represented in the form φ(
In [9] φ of this form is called a product type coaction of the compact quantum group G = (A, ∆) on the UHF algebra M ∞ d . Let us turn now to the fixed point subalgebra related to the coaction Γ of a matrix quantum group on O d . Clearly the fixed point subalgebra will depend on the unitary corepresentation u.
Lemma 4. The canonical endomorphism σ of the Cuntz algebra
, and let x be a fixed point so that Γ(x) = x ⊗ 1. Then
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To investigate the fixed point algebra, let us consider the following action Φ of T on O d given by Φ z (S i ) = zS i ; this action commutes with Γ:
Thus if x is a fixed point, then Φ z x is a fixed point. This means that the fixed point algebra consists of homogeneous parts. The map Γ(S i ) = S p ⊗ u pi is a map from H to H ⊗ A. This is a corepresentation of A on H. The tensor product is obtained by taking H 2 , this means
Observe that a fixed point x ∈ H k can be considered as an intertwiner by the following:
Hence an intertwiner (H, H) is given by a map T (S
i ) = a j i S j and satisfies Γ(T (S i )) = a j i Γ(S j ) = a j i S p ⊗ u pj , (T ⊗ 1)Γ(S j ) = (T ⊗ 1) S p ⊗ u pi = a p q S p ⊗ u qi .
This implies that for all i and p, we have
q a p q u qi = j a j q u pj or i a p i u iq = j a j q u pj . Similarly,
an intertwining between H
2 and itself gives relations between the products u ij u pq . Consider the quantum U q (d) as in [6] . It is the algebra generated by u pq satisfying the relations
ij mp = 0 otherwise. These equations mean precisely that R is an intertwiner between H 2 and H 2 . In this algebra we have the quantum determinant
This D is in the centre. We have ∆(D) = D ⊗ D, where ∆(u ij ) = u ip ⊗ u pj . We obtain U q (d) if we require D to be invertible. Then we get a Hopf *-algebra. The antipode can be expressed in terms of the u's and D −1 . Suppose now that x is a fixed point in O d for the action of U q (d). Consider the homomorphism
Let us recall here also the definition of the compact quantum group SU q (d) as in [13] , [8] . It is the algebra generated by elements (u pq ) such that (u pq ) is a unitary matrix and
where E(k 0 , k 1 , . . . , k d ) = 0 if two indices are equal and otherwise
where
Theorem 5. The fixed point subalgebra
Proof. Consider the homomorphism γ :
Thus (i⊗γ)Γ(y) = y⊗1, y ∈ U HF . If x is a fixed point for the action of
Since x may be expanded as a linear combination of elements,
ip , where y, z, w are in the UHF algebra, and
we must have that x ∈ UHF subalgebra. Next we show that, if x ∈ UHF subalgebra and is fixed for SU q (d), then it is also fixed for U q (d). Let x ∈ UHF and assume (i⊗Φ)Γ(x) = x⊗1, where Γ is the coaction of
with D = λ, and call these quotients A λ . Thus
This is true for all λ. Hence Γ(x) = x ⊗ 1.
The statement of our main result is as follows.
Corollary 6. The fixed point subalgebra
Let S q be as defined before, and note
Let T k and T k be any two such intertwiners. It follows that T * k T k ∈ (C, C), so it is a scalar. As in [3] we can define the scalar product by:
This will give the structure of Hilbert space to the set of intertwiners.
An orthonormal basis can be described as follows. Let G be a graph whose vertices correspond to the labels, i.e. configurations of tensor powers appearing in the specific intertwiner. We denote the generic source vertex by α ≡ α 0 and by β ≡ α n the generic "sink".
Let e i be the directed edge that goes from the label α i−1 to the label α i , i = 1, . . . , n. Each of these directed edges is an intertwiner. We denote it by T ei = T αi−1,αi . It is the intertwiner that represents the ith edge e i from α i−1 to α i , i.e. e i = (α i−1 , α i ). We say, as in [7] , that a path ξ of length n from α to β is a sequence ξ = (e 1 , . . . , e n ) of edges, where e 1 starts at α 0 , and the endpoint of each e h , for h = 1, . . . , n − 1, is the initial point of e h+1 , and e n ends at α n . We denote the set of these paths by P ath (n) α,β . In our situation the number of terms in labels (or configuration) α and β will be the same, since the intertwiners are between objects with equal tensor power. Denote by H (n) α,β the Hilbert space with inner product given by (3), and let n denote the minimal number of steps (or edges) needed to go from α to β. A convenient orthonormal basis in H (n) α,β is the set of products of the distinguished basis elements in the spaces H (i) α,β . Thus the intertwiners T (ξ) = T e1 · · · T en with ξ ∈ P aths (n) α,β are an orthonormal basis. Observe that to any intertwiner A ∈ (H k , H k ), there is associated a permutation which we denote by p A ∈ S(k), where S(k) represents the symmetric group on k letters, which allows us to go from the labels α to the labels β. Every p A can be decomposed as products of at most k disjoint cycles, i.e. p A = σ i1 · · · σ i k . Hence for every σ ij there exists an edge e j connecting the top configuration to the one immediately below. Thus to each A there is associated a path, say ξ A . The composition law for paths is the following: ξ • ξ is possible if the bottom number of labels of ξ and the top number of labels of ξ agree. Observe that we have the following multiplication rule for the operator A(ξ)A(ξ ) * :
which is the analogue of the discrete Witten's product for strings [10] . To actually compute the expression of any A(ξ) ∈ (H k , H k ) let us proceed as follows. Consider ξ to be an elementary path. Hence 
